
6

CReSS 2
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6.1

6.1.1

CReSS

•

• 3 u, v, w θ′ p′

•

• Arakawa C Lorenz

•
∆τ ∆t

• Asselin

• foward-backward
Crank-Nicolson

•

ξ = x, η = y ξ, η x, y m

6.1.2

CReSS

CReSS

6.1 1

Arakawa C Lorenz

2 x, y, z u, v, w

u, v u x v y

w

1 staggered

2Lorenz grid Charney Phillips grid
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w

u

v

v

u

w

, J d

J32

J32

J32

J32

J31

J31

J31

J31

6.1.

CReSS G
1
2

1 J31, J32, Jd = G
1
2 G

1
2 = Jd

J31 x u z

J32 y v z

3

ny

ny-1

ny-2

1 2 3

1 2

ny-1

ny-2

ny-3

2

1

3

3

2

1

nx

nx-3

nx-2 nx-1

nx -2 nx-1

 
 

 

 
 

 

nz-1

nz-3

nz-2

nz-1

nz-2

nz

1

1

2

2

3

3

   

(x,y ) = (0.0, 0.0)

x

y

6.2.

x, y, ζ 6.1
6.2 1

2 4
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6.1.3

3

CFL

4

HI-VI
5

HE-VE

Klemp and Wilhelmson (1978)
HE-VI

6.3

t t t +t - tt +

6.3.

HI-VI
CReSS

HE-VE HE-VI 7

3

4 Ogura and Phillips (1962)

5
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CReSS

rm gm

am physics

∂u∗

∂t
= −

(
u∗∂u

∂x
+ v∗

∂u

∂y
+ W ∗ ∂u

∂ζ

)
︸ ︷︷ ︸

rm

−
[

∂

∂x
{Jd (p′ − αDiv∗)} +

∂

∂ζ
{J31 (p′ − αDiv∗)}

]
︸ ︷︷ ︸

am

+ (fsv
∗ − fcw

∗)︸ ︷︷ ︸
rm

+ G
1
2 Turb.u︸ ︷︷ ︸
physics

(6.1)

∂v∗

∂t
= −

(
u∗ ∂v

∂x
+ v∗

∂v

∂y
+ W ∗ ∂v

∂ζ

)
︸ ︷︷ ︸

rm

−
[

∂

∂y
{Jd (p′ − αDiv∗)} +

∂

∂ζ
{J32 (p′ − αDiv∗)}

]
︸ ︷︷ ︸

am

− fsu
∗︸︷︷︸

rm

+ G
1
2 Turb.v︸ ︷︷ ︸
physics

(6.2)

∂w∗

∂t
= −

(
u∗∂w

∂x
+ v∗

∂w

∂y
+ W ∗ ∂w

∂ζ

)
︸ ︷︷ ︸

rm

− ∂

∂ζ
(p′ − αDiv∗)︸ ︷︷ ︸

am

−ρ∗g

⎛
⎜⎜⎜⎝ θ′

θ̄︸︷︷︸
gm

− p′

ρ̄c2
s︸︷︷︸

am

+
q′v

ε + q̄v
− q′v +

∑
qx

1 + q̄v︸ ︷︷ ︸
physics

⎞
⎟⎟⎟⎠+ fcu

∗︸︷︷︸
rm

+ G
1
2 Turb.w︸ ︷︷ ︸
physics

(6.3)

∂G
1
2 p′

∂t
= −

(
G

1
2 u

∂p′

∂x
+ G

1
2 v

∂p′

∂y
+ G

1
2 W

∂p′

∂ζ

)
︸ ︷︷ ︸

rm

+ G
1
2 ρ̄gw︸ ︷︷ ︸
am

− ρ̄c2
s

(
∂G

1
2 u

∂x
+

∂G
1
2 v

∂y
+

∂G
1
2 W

∂ζ

)
︸ ︷︷ ︸

am

+ G
1
2 ρ̄c2

s

(
1
θ

dθ

dt
− 1

Q

dQ

dt

)
︸ ︷︷ ︸

am

(6.4)
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6.1

φ x = x, y, ζ

i

φ
x

i =
1
2

(
φi− 1

2
+ φi+ 1

2

)
(6.5)

4 4

φ
2x

i =
1
4

(
φi− 3

2
+ φi− 1

2
+ φi+ 1

2
+ φi+ 3

2

)
(6.6)

2 x, z x, z

i, k

φ
xz

ik =
1
4

(
φi− 1

2 ,k− 1
2

+ φi+ 1
2 ,k− 1

2
+ φi− 1

2 ,k+ 1
2

+ φi+ 1
2 ,k+ 1

2

)
(6.7)

x ∆x

i

(∂xφ)i =
1

∆x

(
φi+ ∆x

2
− φi−∆x

2

)
(6.8)

(∂2xφ)i =
1

2∆x
(φi+∆x − φi−∆x) (6.9)

ρ∗ = ρ̄G
1
2 (6.10)

u∗ = ρ̄G
1
2

x

u (6.11)

v∗ = ρ̄G
1
2

y

v (6.12)

w∗ = ρ̄G
1
2

ζ

w (6.13)

W ∗ = ρ̄G
1
2

ζ

W (6.14)

ρ̄ G
1
2

w W

W =

(
uζJ31

x
+ vζJ32

y
+ w
)

G
1
2

ζ
(6.15)
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(6.1) (6.4) u, v, w, p′ ∆τ

F t
φ

φ = u, v, w, p′

ρ∗x uτ+∆τ − uτ

∆τ
= −

[
∂x (JdPα) + ∂ζ

(
J31Pα

ζx
)]τ

+ F t
u (6.16)

ρ∗y vτ+∆τ − vτ

∆τ
= −

[
∂y (JdPα) + ∂ζ

(
J32Pα

ζy
)]τ

+ F t
v (6.17)

ρ∗ζ wτ+∆τ − wτ

∆τ
= − [∂ζPα]τ −

[
gG

1
2

p′

c2
s

ζ]τ

+ F t
w (6.18)

G
1
2

ζ p′τ+∆τ − p′τ

∆τ
= −ρ̄c2

s

[
∂x

(
G

1
2

x

u
)

+ ∂ζ

(
J31u

ζ
x)

+ ∂y

(
G

1
2

y

v
)

+ ∂ζ

(
J32v

ζ
y)

+ ∂ζw
]τ+∆τ

+gρ∗ [wζ
]τ+∆τ

+ F t
p (6.19)

Pα = p′ − αDiv∗ (6.20)

Div∗ =
1

G
1
2

(∂xu∗ + ∂yv∗ + ∂ζW
∗) (6.21)

α (6.16) (6.17)
1 (6.18) 2 (6.18) 1 3

(6.19) 1 2

(6.16) (6.18) ∆τ u, v, w

p′ (6.19) ∆τ

2∆t = n∆τ F t
φ

HI-VI HE-VI
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w p′ (6.18) (6.19) β w, p′

τ τ + ∆τ

ρ∗ζ wτ+∆τ − wτ

∆τ
= [∂ζ(αDiv∗)]τ −

[
β (∂ζp

′)τ+∆τ + (1 − β) (∂ζp
′)τ
]

−
⎡
⎣β

(
gG

1
2

p′

c2
s

ζ)τ+∆τ

+ (1 − β)

(
gG

1
2

p′

c2
s

ζ)τ
⎤
⎦+ F t

w (6.22)

G
1
2

ζ p′τ+∆τ − p′τ

∆τ
= −ρ̄c2

s

[
∂x

(
G

1
2

x

u
)

+ ∂ζ

(
J31u

ζ
x)

+ ∂y

(
G

1
2

y

v
)

+ ∂ζ

(
J32v

ζ
y)]τ+∆τ

−ρ̄c2
s

[
β (∂ζw)τ+∆τ + (1 − β) (∂ζw)τ

]
+gρ∗

[
β
(
wζ
)τ+∆τ

+ (1 − β)
(
wζ
)τ]

+ F t
p (6.23)

w (6.22) β = 0 p′ (6.23) β = 1 (6.18)
(6.19) β �= 0 (6.22) (6.23) wτ+∆τ , p′τ+∆τ

Crank-Nicolson

(6.16) (6.17) u, v τ + ∆τ

w p (6.22) (6.23) p′τ+∆τ

ρ∗ζ wτ+∆τ − wτ

∆τ
= −∆τβ2∂ζ

(
gρ∗

G
1
2

wζ − ρ̄c2
s

G
1
2
∂ζw

)τ+∆τ

−∆τβ2g

(
gρ∗

c2
s

wζ

ζ

− ρ̄∂ζw
ζ

)τ+∆τ

+ F ′
w (6.24)

F ′
w F ′

p

F ′
p =

∆τ

G
1
2

[
F t

p + (1 − β)
(
gρ∗wζ − ρ̄c2

s∂ζw
)τ]

−∆τ

G
1
2
ρ̄c2

s

[
∂x

(
G

1
2

x

u
)

+ ∂ζ

(
J31u

ζ
x)

+ ∂y

(
G

1
2

y

v
)

+ ∂ζ

(
J32v

ζ
y)]τ+∆τ

(6.25)

F ′
w = − [∂ζPα]τ −

[
gG

1
2

p′

c2
s

ζ]τ

− β

⎡
⎣gG

1
2 F ′

p

c2
s

ζ

+ ∂ζF
′
p

⎤
⎦+ F t

w (6.26)
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(6.24) 2 wτ+∆τ

Akwτ+∆τ
k−1 + Bkwτ+∆τ

k + Ckwτ+∆τ
k+1 = Fk (6.27)

3

w = 0 k = nz − 1 (6.28)

w = u
∂zsfc

∂x
+ v

∂zsfc

∂y
k = 2 (6.29)

Ak, Bk, Ck, Fk τ (6.28),(6.29)

Ak =

⎧⎪⎪⎨
⎪⎪⎩

0

(
−Qkc2

sk−1 + PkG
1
2
k−1

)
(Rk−1 + Sk−1) ,

k = 3

4 ≤ k ≤ nz − 2

(6.30)

Bk = 1 + Qk

{
(Rk + Sk) c2

sk − (Rk−1 − Sk−1) c2
sk−1

}
+Pk

{
(Rk + Sk)G

1
2
k − (Rk−1 − Sk−1)G

1
2
k−1

}
, 3 ≤ k ≤ nz − 2 (6.31)

Ck =

⎧⎪⎪⎨
⎪⎪⎩
(
Qkc2

sk + PkG
1
2
k

)
(Rk + Sk) ,

0,

3 ≤ k ≤ nz − 3

k = nz − 2

(6.32)

Fk =

⎧⎪⎨
⎪⎩

F ′
wk + wτ

k + uζ
k (∂xzsfc)k + vζ

k (∂yzsfc)k ,

F ′
wk + wτ

k ,

k = 3

4 ≤ k ≤ nz − 2

(6.33)

Pk =
∆τ2β2g

2ρ∗
k

ζ
, Qk =

∆τ2β2

∆ζkρ∗k
ζ
, Rk =

gρ∗
k

2G
1
2
k c2

sk

, Sk =
ρ∗k

∆ζkGk
(6.34)
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(6.27) wτ+∆τ
k wk

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

B3 C3 0 · · · · · · · · · 0
A4 B4 C4 0 · · · · · · 0
...

...
...

...
...

...
...

0 · · · Ak Bk Ck · · · 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · Anz−2 Bnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w3

w4

...
wk

...
wnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

F3

F4

...
Fk

...
Fnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.35)

(6.35) 1 B3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 c3 0 · · · · · · · · · 0
A4 B4 C4 0 · · · · · · 0
...

...
...

...
...

...
...

0 · · · Ak Bk Ck · · · 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · Anz−2 Bnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w3

w4

...
wk

...
wnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f3

F4

...
Fk

...
Fnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.36)

c3 = C3 /B3 , f3 = F3 /B3 2 1 A4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 c3 0 · · · · · · · · · 0
0 1 c4 0 · · · · · · 0
...

...
...

...
...

...
...

0 · · · Ak Bk Ck · · · 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · Anz−2 Bnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w3

w4

...
wk

...
wnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f3

f4

...
Fk

...
Fnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.37)

c4 = C4 /(B4 − A4c3) , f4 = (F4 − A4f3) /(B4 − A4c3) ck =
Ck /(Bk − Akck−1) , fk = (Fk − Akfk−1) /(Bk − Akck−1)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 c3 0 · · · · · · · · · 0
0 1 c4 0 · · · · · · 0
...

...
...

...
...

...
...

0 · · · 0 1 ck · · · 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w3

w4

...
wk

...
wnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f3

f4

...
fk

...
fnz−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.38)
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k = nz − 2, nz − 3, · · · , 4 k

wnz−2 = fnz−2

wnz−3 = fnz−3 − cnz−3wnz−2

...
wk = fk − ckwk+1

...
w4 = f4 − c4w5

w3 = f3 − c3w4

(6.39)

t F t
φ

F t
u = − [Adv.u]t +

[
ρ∗fsv

yx − ρ∗fcw
ζ
x]t

+
[
G

1
2 Turb.u

]t−∆t

(6.40)

F t
v = − [Adv.v]t −

[
ρ∗fsu

xy
]t

+
[
G

1
2 Turb.v

]t−∆t

(6.41)

F t
w = − [Adv.w]t +

[
ρ∗ (Buoy.θ + Buoy.q)

ζ
+ ρ∗fcu

xζ
]t

+
[
G

1
2 Turb.w

]t−∆t

(6.42)

F t
p = − [Adv.p]t (6.43)

Buoy.θ, Buoy.q

Buoy.θ ≡ g
θ′

θ̄
(6.44)

Buoy.q ≡ g

(
q′v

ε + q̄v
− q′v +

∑
qx

1 + q̄v

)
(6.45)

2 4 t 2

Adv.u = u∗x
∂xu

x
+ v∗x

∂yu
y

+ W ∗x
∂ζu

ζ

(6.46)

Adv.v = u∗y
∂xv

x
+ v∗y

∂yv
y

+ W ∗y
∂ζv

ζ

(6.47)

Adv.w = u∗ζ
∂xw

x

+ v∗ζ
∂yw

y

+ W ∗ζ
∂ζv

ζ

(6.48)

Adv.p = G
1
2

x

u∂xp′
x

+ G
1
2

y

v∂yp′
y

+ G
1
2

y

W∂ζp′
ζ

(6.49)



128 6

4

Adv.u =
4
3

[
u∗x

∂xu
x

+ v∗x
∂yu

y
+ W ∗x

∂ζu
ζ
]

− 1
3

[
u∗2x

∂2xu
2x

+ v∗xy
∂2yu

2y
+ W ∗xζ

∂2ζu
2ζ]

(6.50)

Adv.v =
4
3

[
u∗y

∂xv
x

+ v∗y
∂yv

y
+ W ∗y

∂ζv
ζ
]

− 1
3

[
u∗xy

∂2xv
2x

+ v∗2y
∂2yv

2y

+ W ∗yζ
∂2ζv

2ζ]
(6.51)

Adv.w =
4
3

[
u∗ζ

∂xw
x

+ v∗ζ
∂yw

y

+ W ∗ζ
∂ζv

ζ]

− 1
3

[
u∗xζ

∂2xw
2x

+ v∗yζ
∂2yw

2y

+ W ∗2ζ
∂2ζv

2ζ]
(6.52)

Adv.p =
4
3

[
G

1
2

x

u∂xp′
x

+ G
1
2

y

v∂yp′
y

+ G
1
2

y

W∂ζp′
ζ
]

− 1
3

⎡
⎢⎣G

1
2

x

u
x

∂2xp′
2x

+ G
1
2

y

v
y

∂yp′
2y

+ G
1
2

ζ

W

ζ

∂2ζp′
2ζ
⎤
⎥⎦ (6.53)

6.2

(3.10) (3.15) Sij

S11 =
2

G
1
2

[
∂x

(
Jd

x
u
)

+ ∂ζ

(
J31u

ζ
x)]

(6.54)

S22 =
2

G
1
2

[
∂y

(
Jd

y
v
)

+ ∂ζ

(
J32v

ζ
y)]

(6.55)

S33 =
2

G
1
2
∂ζw (6.56)

S12 =
1

G
1
2

xy

[
∂y

(
Jd

x
u
)

+ ∂x

(
Jd

y
v
)

+ ∂ζ

(
J32

x
uζy + J31

y
vζx
)]

(6.57)

S13 =
1

G
1
2

xζ

[
∂x

(
Jd

ζ
w
)

+ ∂ζ

(
u + J31w

xζ
)]

(6.58)

S23 =
1

G
1
2

yζ

[
∂y

(
Jd

ζ
w
)

+ ∂ζ

(
v + J32w

yζ
)]

(6.59)
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(3.16) Div

Div =
1

G
1
2

[
∂x

(
G

1
2

x

u
)

+ ∂y

(
G

1
2

y

v
)

+ ∂ζ

(
G

1
2

ζ

W

)]
(6.60)

(3.9) τij

τ11 = ρ̄ντh

(
S11 − 2

3
Div

)
(6.61)

τ12 = ρ̄ντh
xy

S12 (6.62)

τ13 = ρ̄ντv
xζ

S13 (6.63)

τ21 = ρ̄ντh
yx

S21 (6.64)

τ22 = ρ̄ντh

(
S22 − 2

3
Div

)
(6.65)

τ23 = ρ̄ντv
yζ

S23 (6.66)

τ31 = ρ̄ντh
ζx

S31 (6.67)

τ32 = ρ̄ντh
ζy

S32 (6.68)

τ33 = ρ̄ντv

(
S33 − 2

3
Div

)
(6.69)

G
1
2 Turb.u = ∂x (Jdτ11) + ∂y

(
Jd

xy
τ12

)
+ ∂ζ

(
τ13 + J31τ11

xζ + J32
x
τ12

ζ
y)

(6.70)

G
1
2 Turb.v = ∂x

(
Jd

yx
τ21

)
+ ∂y (Jdτ22) + ∂ζ

(
τ23 + J31

y
τ21

ζ
x

+ J32τ22
yζ
)

(6.71)

G
1
2 Turb.w = ∂x

(
Jd

ζx
τ31

)
+ ∂y

(
Jd

ζy
τ32

)
+ ∂ζ

(
τ33 + J31

ζ
τ31

ζ
x

+ J32
ζ
τ32

ζ
y)

(6.72)
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x

ρ∗
θ′t+∆t − θ′t−∆t

2∆t
= F t

θ (6.73)

ρ∗
qt+∆t
x − qt−∆t

x

2∆t
= F t

q (6.74)

G
1
2
N t+∆t

x − N t−∆t
x

2∆t
= F t

N (6.75)

F t
θ = − [Adv.θ]t +

[
G

1
2 Turb.θ

]t−∆t

+ [ρ∗Src.θ]t −
[
ρ̄

ζ
w∂ζ θ̄

ζ
]t

(6.76)

F t
q = − [Adv.qx]t +

[
G

1
2 Turb.qx

]t−∆t

+ [ρ∗Src.qx]t + [ρ∗Fall.qx]t (6.77)

F t
N = −

[
Adv.

Nx

ρ∗

]t

+
[
G

1
2 Turb.

Nx

ρ∗

]t−∆t

+
[
ρ∗Src.

Nx

ρ∗

]t

+
[
ρ∗Fall.

Nx

ρ∗

]t

(6.78)

(6.76) 4

t 2

Adv.θ = u∗∂xθ′
x

+ v∗∂yθ′
y

+ W ∗∂ζθ′
ζ

(6.79)

Adv.qx = u∗∂xqx
x

+ v∗∂yqx
y

+ W ∗∂ζqx
ζ

(6.80)

Adv.
Nx

ρ∗
= u∗∂x

Nx

ρ∗

x

+ v∗∂y
Nx

ρ∗

y

+ W ∗∂ζ
Nx

ρ∗

ζ

(6.81)

4

Adv.θ =
4
3

[
u∗∂xθ′

x
+ v∗∂yθ′

y
+ W ∗∂ζθ′

ζ
]

− 1
3

[
u∗x

∂2xθ′
2x

+ v∗y
∂2yθ′

2y
+ W ∗ζ

∂2ζθ′
2ζ]

(6.82)

Adv.qx =
4
3

[
u∗∂xqx

x
+ v∗∂yqx

y
+ W ∗∂ζqx

ζ
]

− 1
3

[
u∗x

∂2xqx

2x
+ v∗y

∂2yqx

2y
+ W ∗ζ

∂2ζqx

2ζ]
(6.83)
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Adv.
Nx

ρ∗
=

4
3

[
u∗∂x

Nx

ρ∗

x

+ v∗∂y
Nx

ρ∗

y

+ W ∗∂ζ
Nx

ρ∗

ζ
]

− 1
3

[
u∗x

∂2x
Nx

ρ∗

2x

+ v∗y
∂2y

Nx

ρ∗

2y

+ W ∗ζ
∂2ζ

Nx

ρ∗

2ζ
]

(6.84)

(3.18) (3.20) φ Hφ1, Hφ2, Hφ3

Hφ1 =
(

ρ̄νHh
1

G
1
2

)x [
∂x (Jdφ) + ∂ζ

(
J31φ

xζ
)]

(6.85)

Hφ2 =
(

ρ̄νHh
1

G
1
2

)y [
∂y (Jdφ) + ∂ζ

(
J32φ

yζ
)]

(6.86)

Hφ3 =
(

ρ̄νHv
1

G
1
2

)ζ

∂ζφ
ζ

(6.87)

G
1
2 Turb.θ = ∂x

(
Jd

x
Hθ1

)
+ ∂y

(
Jd

y
Hθ2

)
+ ∂ζ

(
Hθ3 + J31Hθ1

ζ
x

+ J32Hθ2
ζ
y)

(6.88)

G
1
2 Turb.qx = ∂x

(
Jd

x
Hqx1

)
+ ∂y

(
Jd

y
Hqx2

)
+ ∂ζ

(
Hqx3 + J31Hqx1

ζ
x

+ J32Hqx2
ζ
y)

(6.89)

G
1
2 Turb.

Nx

ρ∗
= ∂x

(
Jd

x
HNx1

)
+ ∂y

(
Jd

y
HNx2

)
+ ∂ζ

(
HNx3 + J31HNx1

ζ
x

+ J32HNx2
ζ
y)

(6.90)

∂θ∗

∂t
= −

(
u∗ ∂θ′

∂x
+ v∗

∂θ′

∂y
+ W ∗ ∂θ′

∂ζ

)
︸ ︷︷ ︸

rm

− ρ̄w
∂θ̄

∂ζ︸ ︷︷ ︸
gm

+ G
1
2 Turb.θ︸ ︷︷ ︸
physics

+ ρ∗Src.θ︸ ︷︷ ︸
physics

(6.91)

2 ∆τ

ρ∗
θ′τ+∆τ − θ′τ

∆τ
= −

[
ρ̄

ζ
w∂ζ θ̄

ζ
]τ

+ F t
θ (6.92)
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w (6.44) θ ∆τ

ρ∗ζ wτ+∆τ − wτ

∆τ
= [∂ζ(αDiv∗)]τ + g

[
ρ∗

θ′

θ̄

ζ]τ

−
[
β (∂ζp

′)τ+∆τ + (1 − β) (∂ζp
′)τ
]

−
⎡
⎣β

(
gG

1
2

p′

c2
s

ζ)τ+∆τ

+ (1 − β)

(
gG

1
2

p′

c2
s

ζ)τ
⎤
⎦+ F t

w (6.93)

F t
w = − [Adv.w]t +

[
ρ∗Buoy.q

ζ
+ ρ∗fcu

xζ
]t

+
[
G

1
2 Turb.w

]t−∆t

(6.94)

F t
θ = − [Adv.θ]t +

[
G

1
2 Turb.θ

]t−∆t

+ [ρ∗Src.θ]t (6.95)

1.5

ρ∗
Et+∆t − Et−∆t

2∆t
= F t

E (6.96)

F t
E = − [Adv.E]t +

[
G

1
2 Turb.E

]t−∆t

+ [Buoy.E]t−∆t +
[
ρ∗
(

1
2
νEDef 2 − 2

3
EDiv

)]t−∆t

−
[
ρ∗
(

Ce

lh
E

3
2

)]t−∆t

(6.97)

3 Buoy.E

Buoy.E =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−gρ̄νHv
ζ
(
A

ζ
∂ζθe − ∂ζqall

)ζ

, qv ≥ qvsw or qc + qi > 0

−gρ̄νHv
ζ

[(
1
θ

)ζ

∂ζθ + 0.61∂ζqv

]ζ

, qv < qvsw or qc + qi = 0

(6.98)
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4 Div, Def

Div =
1

G
1
2

[
∂x

(
G

1
2

x

u
)

+ ∂y

(
G

1
2

y

v
)

+ ∂ζ

(
G

1
2

ζ

W

)]
(6.99)

Def 2 =
1
2
(
S2

11 + S2
22 + S2

33

)
+
(
S12

xy
)2

+
(
S13

xζ
)2

+
(
S23

yζ
)2

− 2
3
Div2 (6.100)

t 2

Adv.E = u∗∂xE
x

+ v∗∂yE
y

+ W ∗∂ζE
ζ

(6.101)

(6.102)

4

Adv.E =
4
3

[
u∗∂xE

x
+ v∗∂yE

y
+ W ∗∂ζE

ζ
]

− 1
3

[
u∗x

∂2xE
2x

+ v∗y
∂2yE

2y
+ W ∗ζ

∂2ζE
2ζ]

(6.103)

G
1
2 Turb.E = ∂x

(
Jd

x
HE1

)
+ ∂y

(
Jd

y
HE2

)
+ ∂ζ

(
HE3 + J31HE1

ζ
x

+ J32HE2
ζ
y)

(6.104)

Asselin Asselin, 1972 t + ∆t t

u, v, w, p′ θ′, qx, Nx, E ψ Asselin

ψt = ψt + µa

(
ψt−∆t − 2ψt + ψt+δt

)
(6.105)

µa µa = 0.1
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6.2

6.2.1

2 4

1

∂u

∂t
+ c

∂u

∂x
= 0, c > 0 (6.106)

∂u

∂t
=

ut+∆t
i − ut

i

∆t
,

∂u

∂x
=

ut
i+∆x − ut

i−∆x

2∆x
(6.107)

(6.106)

ut+∆t
i = ut

i −
c

2

(
∆t

∆x

)(
ut

i+∆x − ut
i−∆x

)
(6.108)

t t + ∆t CFL
∆t,∆x

1
(6.106)

ut+∆t
i = ut

i − c

(
∆t

∆x

)(
ut

i − ut
i−∆x

)
(6.109)

(6.108)

ut+∆t
i = ut

i −
c

2

(
∆t

∆x

)(
ut

i+∆x − ut
i−∆x

)
+

c

2

(
∆t

∆x

)(
ut

i+∆x − 2ut
i + ut

i−∆x

)
(6.110)

2
∂2u

∂x2
1

6.2.2 2 4

4 6
2 4
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2 φ

G
1
2 Diff.φ = ν2h

[
∂2 (ρ̄φ)

∂x2
+

∂2 (ρ̄φ)
∂y2

]
+ ν2v

∂2 (ρ̄φ)
∂ζ2

(6.111)

θ′ = θ − θ̄, q′v = qv − q̄v

ν2h, ν2v

ν2h =
α2h∆2

h

∆t
(6.112)

ν2v =
α2v∆2

v

∆t
(6.113)

∆h = (∆x∆y)
1
2 (6.114)

∆v = ∆ζ (6.115)

α2h, α2v

α2h ≤ 1
8
, α2v ≤ 1

8
(6.116)

2

(
∂2

xφ
)
i
=

1
∆x

(φi+∆x − 2φi + φi−∆x) (6.117)

G
1
2 Diff.u = ν2h

[
∂2

x

(
ρ̄

x
u
)

+ ∂2
y

(
ρ̄

x
u
)]

+ ν2v

[
∂2

ζ

(
ρ̄

x
u
)]

(6.118)

G
1
2 Diff.v = ν2h

[
∂2

x

(
ρ̄

y
v
)

+ ∂2
y

(
ρ̄

y
v
)]

+ ν2v

[
∂2

ζ

(
ρ̄

y
v
)]

(6.119)

G
1
2 Diff.w = ν2h

[
∂2

x

(
ρ̄

ζ
w
)

+ ∂2
y

(
ρ̄

ζ
w
)]

+ ν2v

[
∂2

ζ

(
ρ̄

ζ
w
)]

(6.120)

G
1
2 Diff.θ = ν2h

[
∂2

x (ρ̄θ′) + ∂2
y (ρ̄θ′)

]
+ ν2v

[
∂2

ζ (ρ̄θ′)
]

(6.121)
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G
1
2 Diff.qv = ν2h

[
∂2

x (ρ̄q′v) + ∂2
y (ρ̄q′v)

]
+ ν2v

[
∂2

ζ (ρ̄q′v)
]

(6.122)

G
1
2 Diff.qx = ν2h

[
∂2

x (ρ̄qx) + ∂2
y (ρ̄qx)

]
+ ν2v

[
∂2

ζ (ρ̄qx)
]

(6.123)

G
1
2 Diff.

Nx

ρ∗
= ν2h

[
∂2

x

(
ρ̄
Nx

ρ∗

)
+ ∂2

y

(
ρ̄
Nx

ρ∗

)]
+ ν2v

[
∂2

ζ

(
ρ̄
Nx

ρ∗

)]
(6.124)

G
1
2 Diff.E = ν2h

[
∂2

x (ρ̄E) + ∂2
y (ρ̄E)

]
+ ν2v

[
∂2

ζ (ρ̄E)
]

(6.125)

4 2 φ

G
1
2 Diff.φ = −ν4h

[
∂4 (ρ̄φ)

∂x4
+

∂4 (ρ̄φ)
∂y4

]
− ν4v

∂4 (ρ̄φ)
∂ζ4

(6.126)

ν4h, ν4v

ν4h =
α4h∆4

h

∆t
(6.127)

ν4v =
α4v∆4

v

∆t
(6.128)

α4h, α4v

α4h = 0.001, α4v = 0.001 (6.129)

2

G
1
2 Diff.u = −ν4h

[
∂2

x

{
∂2

x

(
ρ̄

x
u
)}

+ ∂2
y

{
∂2

y

(
ρ̄

x
u
)}]− ν4v∂2

ζ

[
∂2

ζ

(
ρ̄

x
u
)]

(6.130)

G
1
2 Diff.v = −ν4h

[
∂2

x

{
∂2

x

(
ρ̄

y
v
)}

+ ∂2
y

{
∂2

y

(
ρ̄

y
v
)}]− ν4v∂

2
ζ

[
∂2

ζ

(
ρ̄

y
v
)]

(6.131)

G
1
2 Diff.w = −ν4h

[
∂2

x

{
∂2

x

(
ρ̄

ζ
w
)}

+ ∂2
y

{
∂2

y

(
ρ̄

ζ
w
)}]

− ν4v∂2
ζ

[
∂2

ζ

(
ρ̄

ζ
w
)]

(6.132)

G
1
2 Diff.θ = −ν4h

[
∂2

x

{
∂2

x (ρ̄θ′)
}

+ ∂2
y

{
∂2

y (ρ̄θ′)
}]− ν4v∂2

ζ

[
∂2

ζ (ρ̄θ′)
]

(6.133)

G
1
2 Diff.qv = −ν4h

[
∂2

x

{
∂2

x (ρ̄q′v)
}

+ ∂2
y

{
∂2

y (ρ̄q′v)
}]− ν4v∂2

ζ

[
∂2

ζ (ρ̄q′v)
]

(6.134)
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G
1
2 Diff.qx = −ν4h

[
∂2

x

{
∂2

x (ρ̄qx)
}

+ ∂2
y

{
∂2

y (ρ̄qx)
}]− ν4v∂2

ζ

[
∂2

ζ (ρ̄qx)
]

(6.135)

G
1
2 Diff.

Nx

ρ∗
= −ν4h

[
∂2

x

{
∂2

x

(
ρ̄
Nx

ρ∗

)}
+ ∂2

y

{
∂2

y

(
ρ̄
Nx

ρ∗

)}]
− ν4v∂

2
ζ

[
∂2

ζ

(
ρ̄
Nx

ρ∗

)]
(6.136)

G
1
2 Diff.E = −ν4h

[
∂2

x

{
∂2

x (ρ̄E)
}

+ ∂2
y

{
∂2

y (ρ̄E)
}]− ν4v∂

2
ζ

[
∂2

ζ (ρ̄E)
]

(6.137)

4 3 Turb.φ

(6.40) (6.43) (6.76) (6.77) t F t
φ

F t
u = − [Adv.u]t +

[
ρ∗fsv

yx − ρ∗fcw
ζ
x]t

+
[
G

1
2 Turb.u + G

1
2 Diff.u

]t−∆t

(6.138)

F t
v = − [Adv.v]t −

[
ρ∗fsu

xy
]t

+
[
G

1
2 Turb.v + G

1
2 Diff.v

]t−∆t

(6.139)

F t
w = − [Adv.w]t +

[
ρ∗ (Buoy.θ + Buoy.q)

ζ
+ ρ∗fcu

xζ
]t

+
[
G

1
2 Turb.w + G

1
2 Diff.w

]t−∆t

(6.140)

F t
θ = − [Adv.θ]t +

[
G

1
2 Turb.θ + G

1
2 Diff.θ

]t−∆t

+ [ρ∗Src.θ]t −
[
ρ̄

ζ
w∂ζ θ̄

ζ
]t

(6.141)

F t
q = − [Adv.qx]t +

[
G

1
2 Turb.qx + G

1
2 Diff.qx

]t−∆t

+ [ρ∗Src.qx]t + [ρ∗Fall.qx]t (6.142)

F t
N = −

[
Adv.

Nx

ρ∗

]t

+
[
G

1
2 Turb.

Nx

ρ∗
+ G

1
2 Diff.

Nx

ρ∗

]t−∆t

+
[
ρ∗Src.

Nx

ρ∗

]t

+
[
ρ∗Fall.

Nx

ρ∗

]t

(6.143)

F t
E = − [Adv.E]t +

[
G

1
2 Turb.E + G

1
2 Diff.E

]t−∆t

+ [Buoy.E]t−∆t +
[
ρ∗
(

1
2
νEDef 2 − 2

3
EDiv

)]t−∆t

−
[
ρ∗
(

Ce

lh
E

3
2

)]t−∆t

(6.144)

(6.94) (6.95) F t
w, F t

θ

F t
w = − [Adv.w]t +

[
ρ∗Buoy.q

ζ
+ ρ∗fcu

xζ
]t

+
[
G

1
2 Turb.w + G

1
2 Diff.w

]t−∆t

(6.145)

F t
θ = − [Adv.θ]t +

[
G

1
2 Turb.θ + G

1
2 Diff.θ

]t−∆t

+ [ρ∗Src.θ]t (6.146)
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6.3

i − 1, i + 1, j − 1, ...

φ

u ; i = 1, nx, j = 1, ny − 1, k = 1, nz − 1
v ; i = 1, nx − 1, j = 1, ny, k = 1, nz − 1
w ; i = 1, nx − 1, j = 1, ny − 1, k = 1, nz

φ ; i = 1, nx − 1, j = 1, ny − 1, k = 1, nz − 1

(6.147)

CReSS

4 i+2, i−2, j−2, ...

1

6.3.1

4

u1,j,k = unx−2,j,k, unx,j,k = u3,j,k

v1,j,k = vnx−2,j,k, vnx−1,j,k = v2,j,k

w1,j,k = wnx−2,j,k, wnx−1,j,k = w2,j,k

φ1,j,k = φnx−2,j,k, φnx−1,j,k = φ2,j,k

W1,j,k = Wnx−2,j,k, Wnx−1,j,k = W2,j,k

(6.148)

ui,1,k = ui,ny−2,k, ui,ny−1,k = ui,2,k

vi,1,k = vi,ny−2,k, vi,ny,k = vi,3,k

wi,1,k = wi,ny−2,k, wi,ny−1,k = wi,2,k

φi,1,k = φi,ny−2,k, φi,ny−1,k = φi,2,k

Wi,1,k = Wi,ny−2,k, Wi,ny−1,k = Wi,2,k

(6.149)

φ
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x free-slip

∂

(
∂u

∂x
+

∂w

∂ζ

)/
∂x = 0,

∂w

∂x
= 0 (6.150)

x u

∂2u

∂x2
= 0 =⇒ u (x = −∆x, y, z) = u (x = ∆x, y, z) (6.151)

u1,j,k = −u3,j,k, unx,j,k = −unx−2,j,k

v1,j,k = v2,j,k, vnx−1,j,k = vnx−2,j,k

w1,j,k = w2,j,k, wnx−1,j,k = wnx−2,j,k

φ1,j,k = φ2,j,k, φnx−1,j,k = φnx−2,j,k

W1,j,k = W2,j,k, Wnx−1,j,k = Wnx−2,j,k

(6.152)

ui,1,k = ui,2,k, ui,ny−1,k = ui,nx−2,k

vi,1,k = −vi,3,k, vi,ny,k = −vi,nx−2,k

wi,1,k = wi,2,k, wi,ny−1,k = wi,nx−2,k

φi,1,k = φi,2,k, φi,ny−1,k = φi,nx−2,k

Wi,1,k = Wi,2,k, Wi,ny−1,k = Wi,nx−2,k

(6.153)

φ

grad (φ) = 0

u1,j,k = u3,j,k, unx,j,k = unx−2,j,k

v1,j,k = v2,j,k, vnx−1,j,k = vnx−2,j,k

w1,j,k = w2,j,k, wnx−1,j,k = wnx−2,j,k

φ1,j,k = φ2,j,k, φnx−1,j,k = φnx−2,j,k

W1,j,k = W2,j,k, Wnx−1,j,k = Wnx−2,j,k

(6.154)
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ui,1,k = ui,2,k, ui,ny−1,k = ui,nx−2,k

vi,1,k = vi,3,k, vi,ny,k = vi,nx−2,k

wi,1,k = wi,2,k, wi,ny−1,k = wi,nx−2,k

φi,1,k = φi,2,k, φi,ny−1,k = φi,nx−2,k

Wi,1,k = Wi,2,k, Wi,ny−1,k = Wi,nx−2,k

(6.155)

φ

1

∂φ

∂t
+ c

∂φ

∂x
= 0 (6.156)

∂φ

∂t
+ c

∂φ

∂x
= −γφ (6.157)

∂ (φf − φc)
∂t

+ c
∂ (φf − φc)

∂x
= −γ (φf − φc) (6.158)

φ f, c

c CReSS 3
φ, φf − φc Φ ∆x ∆y

1

(6.157), (6.158) c

Ct
b = ct

b

∆t

∆x
= − Φt+∆t

b − Φt−∆t
b

2Φt
b−1 − Φt+∆t

b − Φt−∆t
b

, −1 ≤ Ct
b ≤ 0, (6.159)

Ct
b = ct

b

∆t

∆x
= − Φt+∆t

b − Φt−∆t
b

Φt+∆t
b + Φt−∆t

b − 2Φt
b−1

, 0 ≤ Ct
b ≤ 1, (6.160)
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1 1

Ct
b = ct

b

∆t

∆x
= − Φt

b−1 − Φt−2∆t
b−1

2Φt−∆t
b−2 − Φt

b−1 − Φt−2∆t
b−1

, −1 ≤ Ct
b ≤ 0, (6.161)

Ct
b = ct

b

∆t

∆x
= − Φt

b−1 − Φt−2∆t
b−1

Φt
b−1 + Φt−2∆t

b−1 − 2Φt−∆t
b−2

, 0 ≤ Ct
b ≤ 1, (6.162)

b (6.147)

2

∫ ztop

zsfc

∂Φ
∂t

dz + c

∫ ztop

zsfc

∂Φ
∂x

dz = −γΦ (6.163)

1

Ct
b = ct

b

∆t

∆x
= −

∑kmax
k=kmin

{(
Φt

b−1 − Φt−2∆t
b−1

)
sgn
(
2Φt−∆t

b−2 − Φt
b−1 − Φt−2∆t

b−1

)}
∑kmax

k=kmin

∣∣2Φt−∆t
b−2 − Φt

b−1 − Φt−2∆t
b−1

∣∣ ,

· · · · −1 ≤ Ct
b ≤ 0, (6.164)

Ct
b = ct

b

∆t

∆x
= −

∑kmax
k=kmin

{(
Φt

b−1 − Φt−2∆t
b−1

)
sgn
(
Φt

b−1 + Φt−2∆t
b−1 − 2Φt−∆t

b−2

)}
∑kmax

k=kmin

∣∣Φt
b−1 + Φt−2∆t

b−1 − 2Φt−∆t
b−2

∣∣ ,

· · · · 0 ≤ Ct
b ≤ 1, (6.165)

kmin, kmax

u, v, φ ; kmin = 2, kmax = nz − 2 (6.166)

w ; kmin = 2, kmax = nz − 1 (6.167)
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3

c∗ 30 m s−1

x u y v

Ct
b = ct

b

∆t

∆x
= (u − c∗)

∆t

∆x
, −1 ≤ Ct

b ≤ 0, (6.168)

Ct
b = ct

b

∆t

∆x
= (u + c∗)

∆t

∆x
, 0 ≤ Ct

b ≤ 1, (6.169)

Ct
b = ct

b

∆t

∆y
= (v − c∗)

∆t

∆y
, −1 ≤ Ct

b ≤ 0, (6.170)

Ct
b = ct

b

∆t

∆y
= (v + c∗)

∆t

∆y
, 0 ≤ Ct

b ≤ 1, (6.171)

u v

1

4

3 c∗

2

1 4

∆τ

Φτ+∆τ
b = Φτ

b − Ct
b

1 − Ct
b

(
Φt

b−1 − Φt−∆t
b

) ∆τ

∆t
− γΦt−∆t

b ∆τ, (6.172)

Φτ+∆τ
b = Φτ

b +
Ct

b

1 + Ct
b

(
Φt

b−1 − Φt−∆t
b

) ∆τ

∆t
− γΦt−∆t

b ∆τ, (6.173)

∆t

Φt+∆t
b = Φt−∆t

b − 2Ct
b

1 − Ct
b

(
Φt

b−1 − Φt−∆t
b

)− γΦt−∆t
b ∆t, (6.174)

Φt+∆t
b = Φt−∆t

b +
2Ct

b

1 + Ct
b

(
Φt

b−1 − Φt−∆t
b

)− γΦt−∆t
b ∆t, (6.175)

γ 1/γ 1 12
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6.3.2

2

W = (uJ31 + vJ32 + w)
/

G
1
2 (6.176)

0
W

k = 2

W = 0, w = −uJ31 − vJ32 (6.177)

k = nz − 1

W = 0, w = 0 (6.178)

ui,j,1 = ui,j,2, ui,j,nz−1 = ui,j,nz−2

vi,j,1 = vi,j,2, vi,j,nz−1 = vi,j,nz−2

φi,j,1 = φi,j,2, φi,j,nz−1 = φi,j,nz−2

Wi,j,2 = 0, Wi,j,1 = −Wi,j,3, Wi,j,nz−1 = 0, Wi,j,nz = −Wi,j,nz−2

(6.179)

φ w (6.176)
W

k = 2

wi,j,2 = −
(
uζJ31

x
+ vζJ32

y)
i,j,2

(6.180)

wi,j,1 = −
(

uζJ31

x
+ vζJ32

y
+ WG

1
2

ζ
)

i,j,3

(6.181)
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k = nz − 1

wi,j,nz−1 = 0 (6.182)

wi,j,nz = −
(

uζJ31

x
+ vζJ32

y
+ WG

1
2

ζ
)

i,j,nz−2

(6.183)

p′

p′i,j,1 = 2p′i,j,2 − p′i,j,3 (6.184)

ui,j,1 = ui,j,2, ui,j,nz−1 = ui,j,nz−2

vi,j,1 = vi,j,2, vi,j,nz−1 = vi,j,nz−2

wi,j,1 = wi,j,2, wi,j,nz = wi,j,nz−1

φi,j,1 = φi,j,2, φi,j,nz−1 = φi,j,nz−2

Wi,j,1 = Wi,j,2, Wi,j,nz = Wi,j,nz−1

(6.185)

φ

6.3.3

CReSS

∂ (ρ∗φ)
∂t

= −Adv.φ + ... − γh (x, y) ρ∗ (φ − φe) − γv (z) ρ∗ (φ − φe) (6.186)

φ φe γh (x, y) , γv (z)

d

γh =

⎧⎪⎪⎨
⎪⎪⎩

αh

(
1 − x

d

)3

, x ≤ d

0, x > d

(6.187)



6.3 145

zlow

γv =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, z < zlow

αv

{
1 − cos

(
π

z − zlow

ztop − zlow

)}
, z ≥ zlow

(6.188)

αh, αv

1/αh, 1/αv e-folding time 1/100 1/300 s−1

1/3

1 t−∆t

2∆t

(6.186) φe

∂ (ρ∗φ)
∂t

= −Adv.φ + ... − γh (x, y) ρ∗ (φ − φ0) − γv (z)ρ∗ (φ − φ0) (6.189)

∂ (ρ∗φ)
∂t

= −Adv.φ + ... − γh (x, y) ρ∗
(
φ − φ̄

)− γv (z)ρ∗
(
φ − φ̄

)
(6.190)

φ0 φ̄


