
3

2
3

Kellar and
Friedmann (1924)

1 2

2
2

• 2

• 2

2
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3.1

grid-scale motion mean motion
subgrid-scale motion, eddy motion

A

A = Ā + A′′ (3.1)

′′

2

A′′ = 0 (3.2)

AB = ĀB̄ + A′′B′′ (3.3)

2
x (ρ = const)

∂ū

∂t
+ ū

∂ū

∂x
+ v̄

∂ū

∂y
+ w̄

∂ū

∂z
− f v̄ = −1

ρ

∂p̄

∂x

− 1
ρ

(
∂

∂x
ρu′′u′′ +

∂

∂y
ρu′′v′′ +

∂

∂z
ρu′′w′′

)
+ ν∇2ū (3.4)

−ρu′′u′′,−ρu′′v′′,−ρu′′w′′

eddy stress Reynolds stress

∂θ̄

∂t
+ ū

∂θ̄

∂x
+ v̄

∂θ̄

∂y
+ w̄

∂θ̄

∂z
= − ∂

∂x
u′′θ′′ − ∂

∂y
v′′θ′′ − ∂

∂z
w′′θ′′ (3.5)

2
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3.2

3.2.1

2.2.3 (2.69) (2.71)
(2.78) (2.80) (2.81)

G
1
2 Turb.φ

τij

G
1
2 Turb.u = G

1
2

(
∂τ11

∂x
+

∂τ12

∂y
+

∂τ13

∂z

)

=
∂

∂ξ
(Jdτ11) +

∂

∂η
(Jdτ12) +

∂

∂ζ
(τ13 + J31τ11 + J32τ12) (3.6)

G
1
2 Turb.v = G

1
2

(
∂τ21

∂x
+

∂τ22

∂y
+

∂τ23

∂z

)

=
∂

∂ξ
(Jdτ21) +

∂

∂η
(Jdτ22) +

∂

∂ζ
(τ23 + J31τ21 + J32τ22) (3.7)

G
1
2 Turb.w = G

1
2

(
∂τ31

∂x
+

∂τ32

∂y
+

∂τ33

∂z

)

=
∂

∂ξ
(Jdτ31) +

∂

∂η
(Jdτ32) +

∂

∂ζ
(τ33 + J31τ31 + J32τ32) (3.8)

τij

τ11 = ρ̄ντh

(
S11 − 2

3
Div

)
, τ12 = ρ̄ντhS12, τ13 = ρ̄ντvS13,

τ21 = ρ̄ντhS12, τ22 = ρ̄ντh

(
S22 − 2

3
Div

)
, τ23 = ρ̄ντvS23,

τ31 = ρ̄ντhS13, τ32 = ρ̄ντhS23, τ33 = ρ̄ντv

(
S33 − 2

3
Div

)
(3.9)

ντh, ντv

Sij

S11 = 2
∂u

∂x
=

2
G

1
2

[
∂

∂ξ
(Jdu) +

∂

∂ζ
(J31u)

]
(3.10)

S22 = 2
∂v

∂y
=

2
G

1
2

[
∂

∂η
(Jdv) +

∂

∂ζ
(J32v)

]
(3.11)

S33 = 2
∂w

∂z
=

2
G

1
2

∂w

∂ζ
(3.12)
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S12 =
∂u

∂y
+

∂v

∂x
=

1
G

1
2

[
∂

∂η
(Jdu) +

∂

∂ξ
(Jdv) +

∂

∂ζ
(J32u + J31v)

]
(3.13)

S13 =
∂u

∂z
+

∂w

∂x
=

1
G

1
2

[
∂

∂ξ
(Jdw) +

∂

∂ζ
(u + J31w)

]
(3.14)

S23 =
∂v

∂z
+

∂w

∂y
=

1
G

1
2

[
∂

∂η
(Jdw) +

∂

∂ζ
(v + J32w)

]
(3.15)

Div

Div =
1

G
1
2

[
∂

∂ξ

(
G

1
2 u

)
+

∂

∂η

(
G

1
2 v

)
+

∂

∂ζ

(
G

1
2 W

)]
(3.16)

φ

G
1
2 Turb.φ = G

1
2

(
∂Hφ1

∂x
+

∂Hφ2

∂y
+

∂Hφ3

∂z

)

=
∂

∂ξ
(JdHφ1) +

∂

∂η
(JdHφ2) +

∂

∂ζ
(Hφ3 + J31Hφ1 + J32Hφ2) (3.17)

Hφ1, Hφ2 x, y Hφ3 z φ

Hφ1 = ρ̄νHh
∂φ

∂x
= ρ̄νHh

1
G

1
2

[
∂

∂ξ
(Jdφ) +

∂

∂ζ
(J31φ)

]
(3.18)

Hφ2 = ρ̄νHh
∂φ

∂y
= ρ̄νHh

1
G

1
2

[
∂

∂η
(Jdφ) +

∂

∂ζ
(J32φ)

]
(3.19)

Hφ3 = ρ̄νHv
∂φ

∂z
= ρ̄νHv

1
G

1
2

∂φ

∂ζ
(3.20)

νHh, νHv

ντh, ντv νHh, νHv

CReSS 2

• 1

• 1.5
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3.2.2 1

Smagorinsky (1963), Lilly (1962)
ντh = ντv = ντ

ντ =

⎧⎪⎪⎨
⎪⎪⎩

(CS∆)2
(

Def 2 − N2

Pr

)
, ντ > 0

0, ντ ≤ 0

(3.21)

CS Deardorff (1972a) CS = 0.21
∆

∆ = (∆x∆y∆z)
1
3 (3.22)

Def

Def 2 =
1
2

(
S2

11 + S2
22 + S2

33

)
+ S2

12 + S2
13 + S2

23 −
2
3
Div2 (3.23)

N

N2 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

g

G
1
2

∂ ln θ

∂ζ
, qv < qvsw

g

G
1
2

[
1 + Lvqvsw/RdT

1 + L2
vqvsw/ CpRvT 2

(
∂ ln θ

∂ζ
+

Lv

CpT

∂qvsw

∂ζ

)
− ∂qw

∂ζ

]
, qv ≥ qvsw

(3.24)

Pr

Pr = ντ/ νH (3.25)

νH = νHh = νHv (3.26)

φ g

T Rd, Rv Cp qw

qvsw Tetens

qvsw = ε
610.78

p
exp

(
17.269

T − 273.16
T − 35.86

)
(3.27)
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Lv

Lv = 2.50078 × 106

(
273.16

T

)(0.167+3.67×10−4T)
(3.28)

ε

ντh =

⎧⎪⎪⎨
⎪⎪⎩

(CS∆h)2
(

Def 2 − N2

Pr

)
, ντh > 0

0, ντh ≤ 0

(3.29)

ντv =

⎧⎪⎪⎨
⎪⎪⎩

(CS∆v)2
(

Def 2 − N2

Pr

)
, ντv > 0

0, ντv ≤ 0

(3.30)

∆h = (∆x∆y)
1
2 (3.31)

∆v = ∆z (3.32)

φ νHh, νHv Pr

Pr = ντh/ νHh = ντv/ νHv (3.33)

3.2.3 1.5

1.5
′′

E =
1
2

(
u′′2 + v′′2 + w′′2

)
(3.34)

∂ρ∗E
∂t

= −
(

u∗∂E

∂ξ
+ v∗

∂E

∂η
+ W ∗ ∂E

∂ζ

)
+ Buoy.E + ρ∗

(
1
2
νEDef 2 − 2

3
EDiv

)
− ρ∗

Ce

lh
E

3
2

+
[

∂

∂ξ
(JdHE1) +

∂

∂η
(JdHE2) +

∂

∂ζ
(HE3 + J31HE1 + J32HE2)

]
(3.35)
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(3.35) 2 Buoy.E

Buoy.E =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−gρ̄νHv

(
A

∂θe

∂ζ
− ∂qall

∂ζ

)
, qv ≥ qvsw or qc + qi > 0

−gρ̄νHv

(
1
θ

∂θ

∂ζ
+ 0.61

∂qv

∂ζ

)
, qv < qvsw or qc + qi = 0

(3.36)

A

A =
1
θ

1 + 1.61εLvqv/ RdT

1 + εL2
vqv/CpRdT 2

(3.37)

g T ε qall

θe Cp, Rd Lv

3 Div, Def 3.2.1 3.2.2

Div =
1

G
1
2

[
∂

∂ξ

(
G

1
2 u

)
+

∂

∂η

(
G

1
2 v

)
+

∂

∂ζ

(
G

1
2 W

)]
(3.38)

Def 2 =
1
2

(
S2

11 + S2
22 + S2

33

)
+ S2

12 + S2
13 + S2

23 −
2
3
Div2 (3.39)

4 Ce

Ce =

{
3.9,

0.93,
(3.40)

HE1 = ρ̄νE
∂E

∂x
= ρ̄νE

1
G

1
2

[
∂

∂ξ
(JdE) +

∂

∂ζ
(J31E)

]
(3.41)

HE2 = ρ̄νE
∂E

∂y
= ρ̄νE

1
G

1
2

[
∂

∂η
(JdE) +

∂

∂ζ
(J32E)

]
(3.42)

HE3 = ρ̄νE
∂E

∂z
= ρ̄νE

1
G

1
2

∂E

∂ζ
(3.43)

νE
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ντh, ντv E

ντh = 0.1E
1
2 lh (3.44)

ντv = 0.1E
1
2 lv (3.45)

lh, lv

l = lh = lv =

{
∆s,

min (∆s, ls) ,
(3.46)

∆s = ∆sh = ∆sv = (∆x∆y∆z)
1
3 (3.47)

ls = 0.76E
1
2

∣∣∣∣gθ̄ ∂θ̄

∂z

∣∣∣∣
− 1

2

(3.48)

lh = ∆sh (3.49)

lv =

{
∆sv,

min (∆sv, ls) ,
(3.50)

∆sh = (∆x∆y)
1
2 , ∆sv = ∆z (3.51)

ls (3.48)

ντh, ντv E

ντh = max
(
0.1E

1
2 lh, α∆s2

h

)
(3.52)

ντv = max
(
0.1E

1
2 lv, α∆s2

v

)
(3.53)
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α α = 10−6 φ

νHv, νHh E νE

ντh

νHh
=

ντv

νHv
=

1
1 + 2l/∆s

( = Pr ) (3.54)

νE = 2ντh = 2ντv (3.55)

ντh

νHh
=

1
1 + 2lh/ ∆sh

=
1
3

(3.56)

ντv

νHv
=

1
1 + 2lv/∆sv

( = Pr ) (3.57)

νE = 2ντh (3.58)

3.2.4

2.3

(3.6) (3.8)

G
1
2 Turb.u = G

1
2

(
∂τ11

∂x
+

∂τ12

∂y
+

∂τ13

∂z

)

= m2

(
∂

∂ξ

Jdτ11

m
+

∂

∂η

Jdτ12

m

)
+

∂

∂ζ
(τ13 + J31τ11 + J32τ12) (3.59)

G
1
2 Turb.v = G

1
2

(
∂τ21

∂x
+

∂τ22

∂y
+

∂τ23

∂z

)

= m2

(
∂

∂ξ

Jdτ21

m
+

∂

∂η

Jdτ22

m

)
+

∂

∂ζ
(τ23 + J31τ21 + J32τ22) (3.60)

G
1
2 Turb.w = G

1
2

(
∂τ31

∂x
+

∂τ32

∂y
+

∂τ33

∂z

)

= m2

(
∂

∂ξ

Jdτ31

m
+

∂

∂η

Jdτ32

m

)
+

∂

∂ζ
(τ33 + J31τ31 + J32τ32) (3.61)
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τij (3.9) Sij

S11 = 2m
∂u

∂x
=

2m

G
1
2

[
∂

∂ξ
(Jdu) +

∂

∂ζ
(J31u)

]
(3.62)

S22 = 2m
∂v

∂y
=

2m

G
1
2

[
∂

∂η
(Jdv) +

∂

∂ζ
(J32v)

]
(3.63)

S33 = 2
∂w

∂z
=

2
G

1
2

∂w

∂ζ
(3.64)

S12 = m
∂u

∂y
+ m

∂v

∂x
=

m

G
1
2

[
∂

∂η
(Jdu) +

∂

∂ξ
(Jdv) +

∂

∂ζ
(J32u + J31v)

]
(3.65)

S13 =
∂u

∂z
+ m

∂w

∂x
=

m

G
1
2

[
∂

∂ξ
(Jdw) +

∂

∂ζ
(J31w)

]
+

1
G

1
2

∂u

∂ζ
(3.66)

S23 =
∂v

∂z
+ m

∂w

∂y
=

m

G
1
2

[
∂

∂η
(Jdw) +

∂

∂ζ
(J32w)

]
+

1
G

1
2

∂v

∂ζ
(3.67)

Div

Div =
1

G
1
2

[
m2

(
∂

∂ξ

G
1
2 u

m
+

∂

∂η

G
1
2 v

m

)
+

∂W

∂ζ

]
(3.68)

(3.17)

G
1
2 Turb.φ = G

1
2

(
∂Hφ1

∂x
+

∂Hφ2

∂y
+

∂Hφ3

∂z

)

= m2

(
∂

∂ξ

JdHφ1

m
+

∂

∂η

JdHφ2

m

)
+

∂

∂ζ
(Hφ3 + J31Hφ1 + J32Hφ2) (3.69)

Hφ1, Hφ2, Hφ3

Hφ1 = ρ̄νHh
∂φ

∂x
= ρ̄νHh

m

G
1
2

[
∂

∂ξ
(Jdφ) +

∂

∂ζ
(J31φ)

]
(3.70)

Hφ2 = ρ̄νHh
∂φ

∂y
= ρ̄νHh

m

G
1
2

[
∂

∂η
(Jdφ) +

∂

∂ζ
(J32φ)

]
(3.71)

Hφ3 = ρ̄νHh
∂φ

∂z
= ρ̄νHh

1
G

1
2

∂φ

∂ζ
(3.72)
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1.5

∂ρ∗E
∂t

= −
(

mu∗∂E

∂ξ
+ mv∗

∂E

∂η
+ W ∗ ∂E

∂ζ

)
+ Buoy.E + ρ∗

(
1
2
νEDef 2 − 2

3
EDiv

)
− ρ∗

Ce

lh
E

3
2

+
[
m2

(
∂

∂ξ

JdHE1

m
+

∂

∂η

JdHE2

m

)
+

∂

∂ζ
(HE3 + J31HE1 + J32HE2)

]
(3.73)

HE1 = ρ̄νE
∂E

∂x
= ρ̄νE

m

G
1
2

[
∂

∂ξ
(JdE) +

∂

∂ζ
(J31E)

]
(3.74)

HE2 = ρ̄νE
∂E

∂y
= ρ̄νE

m

G
1
2

[
∂

∂η
(JdE) +

∂

∂ζ
(J32E)

]
(3.75)

HE3 = ρ̄νE
∂E

∂z
= ρ̄νE

1
G

1
2

∂E

∂ζ
(3.76)


