
2

CReSS

CReSS

CReSS

SI
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2.1 —

x, y, z t

CReSS 2 u, v w

θ′ p′ qv qx Nx

qx, Nx

ρ

∂p̄

∂z
= −ρ̄g (2.1)

p = p̄ + p′ (2.2)

θ = θ̄ + θ′ (2.3)

qv = q̄v + q′v (2.4)

ρ = ρ̄ + ρ′ (2.5)

ρ =
p

RdT

(
1 − qv

ε + qv

) (
1 + qv +

∑
qx

)
(2.6)

g T ε Rd

CReSS

∂ρ̄u

∂t
= −ρ̄

(
u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

)
− ∂p′

∂x
+ ρ̄ (fsv − fcw) + Turb.u (2.7)

∂ρ̄v

∂t
= −ρ̄

(
u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

)
− ∂p′

∂y
− fsρ̄u + Turb.v (2.8)

∂ρ̄w

∂t
= −ρ̄

(
u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

)
− ∂p′

∂z
− ρ̄Buoy.w + fcu + Turb.w (2.9)

fs, fc Buoy.w
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∂p′

∂t
= −

(
u

∂p′

∂x
+ v

∂p′

∂y
+ w

∂p′

∂z

)
+ ρ̄gw

−ρ̄c2
s

(
∂u

∂x
+

∂v

∂y
+

∂w

∂z

)
+ ρ̄c2

s

(
1
θ

dθ

dt
− 1

Q

dQ

dt

)
(2.10)

cs Q = 1 + 0.61qv +
∑

qx

∂ρ̄θ′

∂t
= −ρ̄

(
u

∂θ′

∂x
+ v

∂θ′

∂y
+ w

∂θ′

∂z

)
− ρ̄w

∂θ̄

∂z
+ Turb.θ + ρ̄Src.θ (2.11)

∂ρ̄qv

∂t
= −ρ̄

(
u

∂qv

∂x
+ v

∂qv

∂y
+ w

∂qv

∂z

)
+ Turb.qv + ρ̄Src.qv (2.12)

∂ρ̄qx

∂t
= −ρ̄

(
u

∂qx

∂x
+ v

∂qx

∂y
+ w

∂qx

∂z

)
+ Turb.qx + ρ̄Src.qx + ρ̄Fall.qx (2.13)

∂Nx

∂t
= −ρ̄

[
u

∂

∂x

(
Nx

ρ̄

)
+ v

∂

∂y

(
Nx

ρ̄

)
+ w

∂

∂z

(
Nx

ρ̄

)]

+Turb.
Nx

ρ̄
+ ρ̄Src.

Nx

ρ̄
+ ρ̄Fall.

Nx

ρ̄
(2.14)

2.2
Turb.φ 3

Src.φ Fall.φ 4

2.2 —

2.2.1

CReSS

1 (e1, e2, e3) A 1

A = A1e1 + A2e2 + A3e3 (2.15)
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(
f1, f2, f3

)

f i · ej = δi
j (2.16)

f i ·A = Ai (2.17)

δi
j =

{
1, i = j

0, i �= j
(2.18)

B

B = B1f1 + B2f2 + B3f3 (2.19)

A ·B = AiBi (2.20)

A ·B = AiBi (2.21)

A (e1, e2, e3) A

(e1, e2, e3)

Ai = A · ei (2.22)



2.2 — 11

(e1, e2, e3) 9

Gij = ei · ej (2.23)

Gij 2

Ai = GjiAj (2.24)

(x, y, z) 3 F i (x, y, z)
(x, y, z)

ξ = F 1 (x, y, z) (2.25)

η = F 2 (x, y, z) (2.26)

ζ = F 3 (x, y, z) (2.27)

P (x, y, z) (ξ, η, ζ) 1 1
(ξ, η, ζ)

∂ (x, y, z)
∂ (ξ, η, ζ)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂ξ

∂x

∂η

∂x

∂ζ

∂y

∂ξ

∂y

∂η

∂y

∂ζ

∂z

∂ξ

∂z

∂η

∂z

∂ζ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
�= 0 (2.28)

(e1, e2, e3)

e1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂x

∂ξ

∂y

∂ξ

∂z

∂ξ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, e2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂x

∂η

∂y

∂η

∂z

∂η

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, e3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂x

∂ζ

∂y

∂ζ

∂z

∂ζ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.29)
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(e1, e2, e3) (ξ, η, ζ)
A 1

A = A1e1 + A2e2 + A3e3 (2.30)

Ai A (ξ, η, ζ)
(2.22) (e1, e2, e3) 9

Gij = ei · ej (2.31)

Gij (ξ, η, ζ)
(2.24)

2.2.2

CReSS

ξ = x (2.32)

η = y (2.33)

ζ = ζ (x, y, z) (2.34)

(u, v, w)
(U, V, W ) (2.30) (U, V, W )(

u1, u2, u3
)

u = U
∂x

∂ξ
+ V

∂x

∂η
+ W

∂x

∂ζ
(2.35)

v = U
∂y

∂ξ
+ V

∂y

∂η
+ W

∂y

∂ζ
(2.36)

w = U
∂z

∂ξ
+ V

∂z

∂η
+ W

∂z

∂ζ
(2.37)

(2.28) (2.35) (2.37) (U, V, W )

UG
1
2 = uJyz

ηζ + vJzx
ηζ + wJxy

ηζ (2.38)
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V G
1
2 = uJyz

ζξ + vJzx
ζξ + wJxy

ζξ (2.39)

WG
1
2 = uJyz

ξη + vJzx
ξη + wJxy

ξη (2.40)

J

Jyz
ηζ ≡ ∂ (y, z)

∂ (η, ζ)
=

∣∣∣∣∣∣∣∣∣

∂y

∂η

∂y

∂ζ

∂z

∂η

∂z

∂ζ

∣∣∣∣∣∣∣∣∣
(2.41)

G
1
2 (ξ, η, ζ) (x, y, z)

G
1
2 ≡ ∂ (x, y, z)

∂ (ξ, η, ζ)
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂ξ

∂x

∂η

∂x

∂ζ

∂y

∂ξ

∂y

∂η

∂y

∂ζ

∂z

∂ξ

∂z

∂η

∂z

∂ζ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2.42)

(2.32) (2.34) (2.38) (2.40)

Jyz
ηζ =

∂z

∂ζ
, Jzx

ηζ = 0, Jxy
ηζ = 0,

Jyz
ζξ = 0, Jzx

ζξ =
∂z

∂ζ
, Jxy

ζξ = 0,

Jyz
ξη = −∂z

∂ξ
, Jzx

ξη = −∂z

∂η
, Jxy

ξη = 1

(2.43)

3 (ξ, η, ζ) (x, y, z) G
1
2

G
1
2 =

∣∣∣∣∂z

∂ζ

∣∣∣∣ (2.44)

J31 ≡ Jyz
ξη = −∂z

∂ξ
(2.45)

J32 ≡ Jzx
ξη = −∂z

∂η
(2.46)

Jd ≡ Jyz
ηζ = Jzx

ζξ =
∂z

∂ζ
(2.47)
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ζ zsfc (x, y) ztop

ζ (x, y, z) =
ztop[z − zsfc (x, y)]
ztop − zsfc (x, y)

(2.48)

z (ξ, η, ζ) = zsfc (ξ, η) + ζ

[
1 − zsfc (ξ, η)

ztop

]
(2.49)

w

W

u

zsfc

ztop

U

2.1.

J31 = −∂z

∂ξ
=

(
ζ

ztop
− 1

)
∂zsfc (ξ, η)

∂ξ
(2.50)

J32 = −∂z

∂η
=

(
ζ

ztop
− 1

)
∂zsfc (ξ, η)

∂η
(2.51)

Jd =
∂z

∂ζ
= 1 − zsfc (ξ, η)

ztop
(2.52)

ζ z

G
1
2 = |Jd| = Jd (2.53)
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(2.38) (2.40)

U = u (2.54)

V = v (2.55)

W = (uJ31 + vJ32 + w)
/

G
1
2 (2.56)

φ

∂φ

∂x
=

1
G

1
2

[
∂

∂ξ
(Jdφ) +

∂

∂ζ
(J31φ)

]
(2.57)

∂φ

∂y
=

1
G

1
2

[
∂

∂η
(Jdφ) +

∂

∂ζ
(J32φ)

]
(2.58)

∂φ

∂z
=

1
G

1
2

∂φ

∂ζ
(2.59)

2.2.3

ρ

∂ρ̄

∂ζ
= −G

1
2 ρ̄g (2.60)

ρ∗ = G
1
2 ρ̄ (2.61)

u∗ = ρ∗u (2.62)

v∗ = ρ∗v (2.63)

w∗ = ρ∗w (2.64)

W ∗ = ρ∗W (2.65)

θ∗ = ρ∗θ′ (2.66)

q∗v = ρ∗qv (2.67)

q∗x = ρ∗qx (2.68)
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2.1

∂u∗

∂t
= −

(
u∗ ∂u

∂ξ
+ v∗

∂u

∂η
+ W ∗ ∂u

∂ζ

)

−
[

∂

∂ξ
{Jd (p′ − αDiv∗)} +

∂

∂ζ
{J31 (p′ − αDiv∗)}

]
+ (fsv

∗ − fcw
∗) + G

1
2 Turb.u (2.69)

∂v∗

∂t
= −

(
u∗ ∂v

∂ξ
+ v∗

∂v

∂η
+ W ∗ ∂v

∂ζ

)

−
[

∂

∂η
{Jd (p′ − αDiv∗)} +

∂

∂ζ
{J32 (p′ − αDiv∗)}

]
− fsu

∗ + G
1
2 Turb.v (2.70)

∂w∗

∂t
= −

(
u∗ ∂w

∂ξ
+ v∗

∂w

∂η
+ W ∗ ∂w

∂ζ

)

− ∂

∂ζ
(p′ − αDiv∗) − ρ∗Buoy.w + fcu

∗ + G
1
2 Turb.w (2.71)

Buoy.w

Buoy.w = −g
ρ′

ρ̄
= g

(
θ′

θ̄
− p′

ρ̄c2
s

+
q′v

ε + q̄v
− q′v +

∑
qx

1 + q̄v

)
(2.72)

ε cs

cs =
√

γRdT̄ , γ ≡ Cp /Cv (2.73)

g T̄ Rd Cp, Cv

fs, fc ω ϕ

fs = 2ω sin ϕ (2.74)

fc = 2ω cos ϕ (2.75)

αDiv∗

Div∗ =
1

G
1
2

(
∂u∗

∂ξ
+

∂v∗

∂η
+

∂W ∗

∂ζ

)
(2.76)
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∂G
1
2 p′

∂t
= −

(
G

1
2 u

∂p′

∂ξ
+ G

1
2 v

∂p′

∂η
+ G

1
2 W

∂p′

∂ζ

)
+ G

1
2 ρ̄gw

−ρ̄c2
s

(
∂G

1
2 u

∂ξ
+

∂G
1
2 v

∂η
+

∂G
1
2 W

∂ζ

)
+ G

1
2 ρ̄c2

s

(
1
θ

dθ

dt
− 1

Q

dQ

dt

)
(2.77)

Q = 1 + 0.61qv +
∑

qx

∂θ∗

∂t
= −

(
u∗∂θ′

∂ξ
+ v∗

∂θ′

∂η
+ W ∗ ∂θ′

∂ζ

)
− ρ̄w

∂θ̄

∂ζ
+ G

1
2 Turb.θ + ρ∗Src.θ (2.78)

∂q∗v
∂t

= −
(

u∗ ∂qv

∂ξ
+ v∗

∂qv

∂η
+ W ∗ ∂qv

∂ζ

)
+ G

1
2 Turb.qv + ρ∗Src.qv (2.79)

∂q∗x
∂t

= −
(

u∗ ∂qx

∂ξ
+ v∗

∂qx

∂η
+ W ∗ ∂qx

∂ζ

)
+ G

1
2 Turb.qx + ρ∗Src.qx + ρ∗Fall.qx (2.80)

∂G
1
2 Nx

∂t
= −

[
u∗ ∂

∂ξ

(
Nx

ρ̄

)
+ v∗

∂

∂η

(
Nx

ρ̄

)
+ W ∗ ∂

∂ζ

(
Nx

ρ̄

)]

+G
1
2 Turb.

Nx

ρ̄
+ ρ∗Src.

Nx

ρ̄
+ ρ∗Fall.

Nx

ρ̄
(2.81)

E

Turb.φ 3
Src.φ Fall.φ 4

2.3 —

map factor
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2.3.1

2.2 (x, y, z) 3
(2.28) 0

Gij

2
2

z 3

ξ = ξ(x, y, z) (2.82)

η = η(x, y, z) (2.83)

ζ = ζ(x, y, z) (2.84)

2.2 1 (e1, e2, e3)

ei · ej = δij (2.85)

ds2 = dx2 + dy2 + dx2

ds2 = (h1dξ)2 + (h2dη)2 + (h3dζ)2 (2.86)

hi 1

h1 =

[(
∂x

∂ξ

)2

+
(

∂y

∂ξ

)2

+
(

∂z

∂ξ

)2
] 1

2

(2.87)

h2 =

[(
∂x

∂η

)2

+
(

∂y

∂η

)2

+
(

∂z

∂η

)2
] 1

2

(2.88)

h3 =

[(
∂x

∂ζ

)2

+
(

∂y

∂ζ

)2

+
(

∂z

∂ζ

)2
] 1

2

(2.89)
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ξ η ζ s1, s2, s3

ds1 = h1dξ (2.90)

ds2 = h2dη (2.91)

ds3 = h3dζ (2.92)

(ξ, η, ζ)
φ(ξ, η, ζ)

∇φ =
1
h1

∂φ

∂ξ
e1 +

1
h2

∂φ

∂η
e2 +

1
h3

∂φ

∂ζ
e3 (2.93)

(e1, e2, e3) (ξ, η, ζ)

A = Aξe1 + Aηe2 + Aζe3 (Aξ, Aη, Aζ)
(e1, e2, e3) (ξ, η, ζ) A

∂Aξe1

∂η
= e1

∂Aξ

∂η
+ Aξ ∂e1

∂η
(2.94)

9
∂ei

∂ξi

∂e1

∂ξ
= − 1

h2

∂h1

∂η
e2 − 1

h3

∂h1

∂ζ
e3,

∂e1

∂η
=

1
h1

∂h2

∂ξ
e2,

∂e1

∂ζ
=

1
h1

∂h3

∂ξ
e3,

∂e2

∂ξ
=

1
h2

∂h1

∂η
e1,

∂e2

∂η
= − 1

h3

∂h2

∂ζ
e3 − 1

h1

∂h2

∂ξ
e1,

∂e2

∂ζ
=

1
h2

∂h3

∂η
e3,

∂e3

∂ξ
=

1
h3

∂h1

∂ζ
e1,

∂e3

∂η
=

1
h3

∂h2

∂ζ
e2,

∂e3

∂ζ
= − 1

h1

∂h3

∂ξ
e1 − 1

h2

∂h3

∂η
e2

· · · · ·· (2.95)

A

∇ · A =
1

h1h2h3

[
∂

∂ξ
(h2h3A

ξ) +
∂

∂η
(h3h1A

η) +
∂

∂ζ
(h1h2A

ζ)
]

(2.96)
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∇× A =

∣∣∣∣∣∣∣∣∣∣∣

e1

h2h3

e2

h3h1

e3

h1h2

∂

∂ξ

∂

∂η

∂

∂ζ

h1A
ξ h2A

η h3A
ζ

∣∣∣∣∣∣∣∣∣∣∣
=

e1

h2h3

[
∂

(
h3A

ζ
)

∂η
− ∂ (h2A

η)
∂ζ

]
+

e2

h3h1

[
∂

(
h1A

ξ
)

∂ζ
− ∂

(
h3A

ζ
)

∂ξ

]
+

e3

h1h2

[
∂ (h2A

η)
∂ξ

− ∂
(
h1A

ξ
)

∂η

]

· · · · ·· (2.97)

φ(ξ, η, ζ)

∇2φ =
1

h1h2h3

[
∂

∂ξ

(
h2h3

h1

∂φ

∂ξ

)
+

∂

∂η

(
h3h1

h2

∂φ

∂η

)
+

∂

∂ζ

(
h1h2

h3

∂φ

∂ζ

)]
(2.98)

2.3.2 —

1 1

3 3
(ξ, η) z

(e1, e2, e3)

h1 =
1
m

(2.99)

h2 =
1
n

(2.100)

h3 = 1 (2.101)

m, n

m =
1

a cosφ
(2.102)

n =
1
a

(2.103)
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a φ

P (ξ, η, z) (ξ + dξ, η + dη, z + dz)
ds1, ds2, ds3

ds1 =
dξ

m
(2.104)

ds2 =
dη

n
(2.105)

ds3 = dz (2.106)

∂e1

∂ξ
= −n

∂

∂η

(
1
m

)
e2 − 1

am
e3,

∂e1

∂η
= m

∂

∂ξ

(
1
n

)
e2,

∂e1

∂ζ
= 0,

∂e2

∂ξ
= n

∂

∂η

(
1
m

)
e1,

∂e2

∂η
= − 1

an
e3 − m

∂

∂ξ

(
1
n

)
e1,

∂e2

∂ζ
= 0,

∂e3

∂ξ
=

1
am

e1,
∂e3

∂η
=

1
an

e2,
∂e3

∂ζ
= 0

(2.107)

(2.7) (2.9) (ξ, η, z)

u (ξ, η, z)

u = ue1 + ve2 + we3 (2.108)

(2.104) (2.106)

u =
ds1

ddt
=

1
m

dξ

dt
(2.109)

v =
ds2

ddt
=

1
n

dη

dt
(2.110)

w =
ds3

ddt
=

dz

dt
(2.111)
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d

dt
=

∂

∂t
+

dξ

dt

∂

∂ξ
+

dη

dt

∂

∂η
+

dz

dt

∂

∂z
(2.112)

(2.109) (2.111)

d

dt
=

∂

∂t
+ mu

∂

∂ξ
+ nv

∂

∂η
+ w

∂

∂z
(2.113)

(2.108)

du
dt

=
du

dt
e1 +

dv

dt
e2 +

dw

dt
e3 + u

de1

dt
+ v

de2

dt
+ w

de3

dt
(2.114)

(2.107) (2.113) (2.114)

u
de1

dt
+ v

de2

dt
+ w

de3

dt
= −e1mnv

[
v

∂

∂ξ

(
1
n

)
− u

∂

∂η

(
1
m

)]
+ e1

uw

a

+e2mnu

[
v

∂

∂ξ

(
1
n

)
− u

∂

∂η

(
1
m

)]
+ e1

vw

a
− e3

u2 + v2

a
(2.115)

2Ω (ξ, η, z) (fξ, fη, fz)

2Ω × u =

∣∣∣∣∣∣∣
e1 e2 e3

2Ωξ 2Ωη 2Ωz

u v w

∣∣∣∣∣∣∣
= e1(fηw − fzv) + e2(fzu − fξw) + e3(fξv − fηu) (2.116)

(2.93)

∇p′ = m
∂p′

∂ξ
e1 + n

∂p′

∂η
e2 +

∂p′

∂z
e3 (2.117)
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(2.7) (2.9)

ρ̄
∂u

∂t
= −ρ̄

(
mu

∂u

∂ξ
+ nv

∂u

∂η
+ w

∂u

∂z

)

−m
∂p′

∂ξ
+ ρ̄(fηw − fzv) + ρ̄mnv

[
v

∂

∂ξ

(
1
n

)
− u

∂

∂η

(
1
m

)]
− ρ̄

uw

a
+ Turb.u (2.118)

ρ̄
∂v

∂t
= −ρ̄

(
mu

∂v

∂ξ
+ nv

∂v

∂η
+ w

∂v

∂z

)

−n
∂p′

∂η
+ ρ̄(fzu − fξw) − ρ̄mnu

[
v

∂

∂ξ

(
1
n

)
− u

∂

∂η

(
1
m

)]
− ρ̄

vw

a
+ Turb.v (2.119)

ρ̄
∂w

∂t
= −ρ̄

(
mu

∂w

∂ξ
+ nv

∂w

∂η
+ w

∂w

∂z

)

−∂p′

∂z
− ρ̄Buoy.w + ρ̄(fξv − fηu) + ρ̄

u2 + v2

a
+ Turb.w (2.120)

ρ̄ = ρ̄(z) Buoy.w

(2.10) (2.11) (2.12) (2.14)

∂p′

∂t
= −

(
mu

∂p′

∂ξ
+ nv

∂p′

∂η
+ w

∂p′

∂z

)
+ ρ̄gw

−ρ̄c2
s

[
mn

(
∂

∂ξ

u

m
+

∂

∂η

v

n

)
+

∂w

∂z

]
+ ρ̄c2

s

(
1
θ

dθ

dt
− 1

Q

dQ

dt

)
(2.121)

ρ̄
∂θ′

∂t
= −ρ̄

(
mu

∂θ′

∂ξ
+ nv

∂θ′

∂η
+ w

∂θ′

∂z

)
− ρ̄w

∂θ̄

∂z
+ ρ̄Src.θ + Turb.θ (2.122)

ρ̄
∂qv

∂t
= −ρ̄

(
mu

∂qv

∂ξ
+ nv

∂qv

∂η
+ w

∂qv

∂z

)
+ ρ̄Src.qv + Turb.qv (2.123)

ρ̄
∂qx

∂t
= −ρ̄

(
mu

∂qx

∂ξ
+ nv

∂qx

∂η
+ w

∂qx

∂z

)
+ ρ̄Fall.qx + ρ̄Src.qx + Turb.qx (2.124)
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∂Nx

∂t
= −ρ̄

[
mu

∂

∂ξ

(
Nx

ρ̄

)
+ nv

∂

∂η

(
Nx

ρ̄

)
+ w

∂

∂z

(
Nx

ρ̄

)]

+ρ̄Src.
Nx

ρ̄
+ ρ̄Fall.

Nx

ρ̄
+ Turb.

Nx

ρ̄
(2.125)

Turb.φ 3

2.3.3 —

2.2

m, n

map factor

2

(
h1 =

1
m

)
=

(
h2 =

1
n

)
(2.126)

(2.109) (2.111)

d

dt
=

∂

∂t
+

dξ

dt

∂

∂ξ
+

dη

dt

∂

∂η
+

dζ

dt

∂

∂z

=
∂

∂t
+ mu

∂

∂ξ
+ mv

∂

∂η
+ W

∂

∂ζ
(2.127)

W

W =
dζ

dt
= mu

∂ζ

∂ξ
+ mv

∂ζ

∂η
+ w

∂ζ

∂z

=
[
mu

(
−∂z

∂ξ

)
+ mv

(
−∂z

∂η

)
+ w

∂ζ

∂z

]
∂ζ

∂z
(2.128)

=
1

G
1
2

(muJ31 + mvJ32 + w)
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φ

m
∂φ

∂ξ
→ m

1
G

1
2

[
∂

∂ξ
(Jdφ) +

∂

∂ζ
(J31φ)

]
(2.129)

m
∂φ

∂η
→ m

1
G

1
2

[
∂

∂η
(Jdφ) +

∂

∂ζ
(J32φ)

]
(2.130)

∂φ

∂z
→ 1

G
1
2

∂φ

∂ζ
(2.131)

ρ̄
∂u

∂t
= −ρ̄

(
mu

∂u

∂ξ
+ mv

∂u

∂η
+ W

∂u

∂ζ

)
− m

1
G

1
2

[
∂

∂ξ
(Jdp

′) +
∂

∂ζ
(J31p

′)
]

+ρ̄(fηw − fzv) + ρ̄m2v

[
v

∂

∂ξ

(
1
m

)
− u

∂

∂η

(
1
m

)]
− ρ̄

uw

a
+ Turb.u (2.132)

ρ̄
∂v

∂t
= −ρ̄

(
mu

∂v

∂ξ
+ mv

∂v

∂η
+ W

∂v

∂ζ

)
− m

1
G

1
2

[
∂

∂η
(Jdp

′) +
∂

∂ζ
(J32p

′)
]

+ρ̄(fzu − fξw) − ρ̄m2u

[
v

∂

∂ξ

(
1
m

)
− u

∂

∂η

(
1
m

)]
− ρ̄

vw

a
+ Turb.v (2.133)

ρ̄
∂w

∂t
= −ρ̄

(
mu

∂w

∂ξ
+ mv

∂w

∂η
+ W

∂w

∂ζ

)

− 1
G

1
2

∂p′

∂ζ
− ρ̄Buoy.w + ρ̄(fξv − fηu) + ρ̄

u2 + v2

a
+ Turb.w (2.134)

∂p′

∂t
= −

(
mu

∂p′

∂ξ
+ mv

∂p′

∂η
+ W

∂p′

∂ζ

)
+ ρ̄gw

−ρ̄c2
s

1
G

1
2

[
m2

(
∂

∂ξ

G
1
2 u

m
+

∂

∂η

G
1
2 v

m

)
+

∂G
1
2 w

∂ζ

]
+ ρ̄c2

s

(
1
θ

dθ

dt
− 1

Q

dQ

dt

)
(2.135)

ρ̄
∂θ′

∂t
= −ρ̄

(
mu

∂θ′

∂ξ
+ mv

∂θ′

∂η
+ W

∂θ′

∂ζ

)
− ρ̄w

1
G

1
2

∂θ̄

∂ζ
+ ρ̄Src.θ + Turb.θ (2.136)
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ρ̄
∂qv

∂t
= −ρ̄

(
mu

∂qv

∂ξ
+ mv

∂qv

∂η
+ W

∂qv

∂ζ

)
+ ρ̄Src.qv + Turb.qv (2.137)

ρ̄
∂qx

∂t
= −ρ̄

(
mu

∂qx

∂ξ
+ mv

∂qx

∂η
+ W

∂qx

∂ζ

)
+ ρ̄Fall.qx + ρ̄Src.qx + Turb.qx (2.138)

∂Nx

∂t
= −ρ̄

[
mu

∂

∂ξ

(
Nx

ρ̄

)
+ mv

∂

∂η

(
Nx

ρ̄

)
+ W

∂

∂ζ

(
Nx

ρ̄

)]

+ρ̄Src.
Nx

ρ̄
+ ρ̄Fall.

Nx

ρ̄
+ Turb.

Nx

ρ̄
(2.139)

(2.61) (2.68)

m2

[
v

∂

∂ξ

(
1
m

)
− u

∂

∂η

(
1
m

)]
= u

∂m

∂η
− v

∂m

∂ξ
(2.140)

∂u∗

∂t
= −

(
mu∗ ∂u

∂ξ
+ mv∗

∂u

∂η
+ W ∗ ∂u

∂ζ

)
− m

[
∂

∂ξ
(Jdp

′) +
∂

∂ζ
(J31p

′)
]

+(fηw∗ − fzv
∗) + v∗

[
u

∂m

∂η
− v

∂m

∂ξ

]
− u∗w

a
+ G

1
2 Turb.u (2.141)

∂v∗

∂t
= −

(
mu∗ ∂v

∂ξ
+ mv∗

∂v

∂η
+ W ∗ ∂v

∂ζ

)
− m

[
∂

∂η
(Jdp

′) +
∂

∂ζ
(J32p

′)
]

+(fzu
∗ − fξw

∗) − u∗
[
u

∂m

∂η
− v

∂m

∂ξ

]
− v∗

w

a
+ G

1
2 Turb.v (2.142)

∂w∗

∂t
= −

(
mu∗ ∂w

∂ξ
+ mv∗

∂w

∂η
+ W ∗ ∂w

∂ζ

)

−∂p′

∂ζ
− ρ∗Buoy.w + (fξv

∗ − fηu∗) +
u∗u + v∗v

a
+ G

1
2 Turb.w (2.143)

∂G
1
2 p′

∂t
= −G

1
2

(
mu

∂p′

∂ξ
+ mv

∂p′

∂η
+ W

∂p′

∂ζ

)
+ gw∗

−ρ̄c2
s

[
m2

(
∂

∂ξ

G
1
2 u

m
+

∂

∂η

G
1
2 v

m

)
+

∂G
1
2 w

∂ζ

]
+ G

1
2 ρ̄c2

s

(
1
θ

dθ

dt
− 1

Q

dQ

dt

)
(2.144)
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∂θ∗

∂t
= −

(
mu∗ ∂θ′

∂ξ
+ mv∗

∂θ′

∂η
+ W ∗ ∂θ′

∂ζ

)
− ρ̄w

∂θ̄

∂ζ
+ ρ∗Src.θ + G

1
2 Turb.θ (2.145)

∂q∗v
∂t

= −
(

mu∗ ∂qv

∂ξ
+ mv∗

∂qv

∂η
+ W ∗ ∂qv

∂ζ

)
+ ρ∗Src.qv + G

1
2 Turb.qv (2.146)

∂q∗x
∂t

= −
(

mu∗ ∂qx

∂ξ
+ mv∗

∂qx

∂η
+ W ∗ ∂qx

∂ζ

)
+ ρ∗Fall.qx + ρ∗Src.qx + G

1
2 Turb.qx (2.147)

∂G
1
2 Nx

∂t
= −

[
mu∗ ∂

∂ξ

(
Nx

ρ̄

)
+ mv∗

∂

∂η

(
Nx

ρ̄

)
+ W ∗ ∂

∂ζ

(
Nx

ρ̄

)]

+ρ∗Src.
Nx

ρ̄
+ ρ∗Fall.

Nx

ρ̄
+ G

1
2 Turb.

Nx

ρ̄
(2.148)

p′

αDiv∗ p′ −αDiv∗

Div∗ =
1

G
1
2

[
m2

(
∂

∂ξ

u∗

m
+

∂

∂η

v∗

m

)
+

∂W ∗

∂ζ

]
(2.149)

Turb.φ

3

2.3.4

m, n

CReSS

3

•

•

•



28 2

p =
π

2
− φ

mλ =
1
a

δr

δp
(2.150)

nφ =
rλ

aλ sin p
=

r

a sin p
(2.151)

mλ = nφ

1
a

δr

δp
=

r

a sin p
(2.152)

δr

r
=

δp

sin p
(2.153)

c

r = c
(
tan

p

2

)
(2.154)

p (2.151)

nφ =
c tan

p

2
2a sin

p

2
cos

p

2

=
c

2a cos2
p

2

= 1 (2.155)

φ

nφ =
2πa

2πa cos φ
= secφ (2.156)
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mλ = secφ (2.157)

x y

λ x φ y

x = aλ (2.158)

δy = a secφ δφ (2.159)

y

y = a ln
[
tan

(
π

4
+

φ

2

)]
(2.160)


